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LOW~-DISCREPANCY POINT SETS IN TRANSPORT CODES

Tony T. Warnock
Cray Resea~ch, Inc.
Los Alamos National Laboratory
Los flamecs, MM R75U5

ABSTRACT

A drawback to Monte Carlo methods of computation is its rate of convergence.
There are methods of sampling that have a better errc~ estimate than thcse using
random numbers. This paper gives the result of some preliminary experiments
with these samplirg methods on twe neutror transport prcoblems.
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LOW-DISCREPANCY POINT SETS IN TRANSPORT CODES

The Monte Carlo method is useful in =olving a variety of problems such as:
the evzluation of multiple integrals, the soluticn of linear equations, the
simulation of particle transport, and the simulation of thermodynamical
systems. The only drawbzck to Monte Carlo computs'ions (s its rather slow ret»
of convergence, that is, the estimated error depends on 1/SQRT(N) where N is
the number of trizls made.

There are methods of sampling which h ve a bett-r error estim:tc.' Trese
methods have been used for multidimensional integrational, but they have nor
fcund murh application in other areas. This paper gives the results of scme
experimerts with these sampling methods on neutron transport problems.

Ore meesurc of the sampling efficicncy of a set of pelnts iIs the discer: poncy.
Fip. '. illustrates the icen in twe dimensicne. The lecal discrepancy of a
point (x,y) in the unit square is given by the expression:

Efx,y) = V(x,y)/N -~ xy

where

Vix,y) = the numb = of pcirts inzicgs the reec*anrls cxtencing
from the origin to the point (x,y).

A glebal mensure of the uneveness of the pecinis can be given by a nemr of
E(x,y) taken over ths uni. square. A random sequence has discrepancy propor-
tien. 1 te 1/SCRT(N). Ther« exist seirc of points, callsc quasi-randor, with
discrepancy lower than this. There are methods of sampling which have a bet-
t'r error estimit-. Twe such s:quene's are used in these exporirern's,
Figur~ 2 shows the diffcrence in a random sequence (from a randon number generator)
an¢ a qu'si-random srgurnec. Ar. inwuitive appreei:tien for the (n ve¢ 5
cfficiency of the aquasi-random sequence can be obtained fror Figs. 3-6.
Figure 31 shows one pnint with lince pamalle)l te the coordina'c axes 07aur
through f{t. These lines divide the square (rto four rectangles. A randoer
scequenee would pul the next peint fn a glven re~rorglie Wwith A probabjrlicy
proportional to the area of the rectangle. A quasl-random Ssequenc. always
puts the next peirt in the biggest (or one of the bigpest | thepe arc §ov-
eral) rectangles. This effect is shown In Filgs. U-¢,

An qunsi-random secquence s are mor. complic te:l to corpu'e thar pacude-rancer
sequcences, it is not easy to use them In a genceral purpesce Monte Carle trans-
port codr . These scquencos ray bee used for gen rabling soure: paramerers with-
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out much overhead, however. A versior of the cod- .MNCP2 w28 us-¢ with the
source distributions generated with quasi-random sequences. Two problems were
run as a computational experiment.

Trhe first problem is shown in Fig. 7. It is a bent concret~ pipe with a 14
MeV isotropic neutron source in one end. The quant.ty measured was the flux
through the other end. On this problem, not much differ-nce coulc be Se-n
betveen the runs with a random number generator and trose with the quasi-ran-
dom sequences. Figures 8-10 show plots of the mean, relative error, and fig-
ure-of-merit vs the number of particles run using a random number generator.
(the figure-of-merit is defined to be the reciproc=1 of the aszmple vari-noe
times the time used. For a truly random process, this number should be con-
stant.) Tne corresponding graphs are shown fcr two ciffoerent qu:si-randor
sequences used for source sampling in Figs. 11-16, There i3 not much dif-
fer.rce ameng the graphs at least showing that the quusi-ranform 3acauences do
noL. cause trouble with a wrll-behaved problem.

The sccend problem is shown in Fig. '7. The object is a top~-h:t shapec s*ruc-
ture of concrete. The (not very realistic) densities are i0 g/cc and 20 g/cc
in the bottor. and top central cylinders, respectively. The first low-r ring
has a density of .5 g/cc and the outer ring < g/cc. Thc upper cylinder |s
ringed by a vcic. A 1Ll MeV jectropic neutrorn source it placed a' tn bet-cor
of the object and the flux through the top central surface is measured.

Figumre 18 shows the mean flux through the tor cylinde~ plcotted vz the
number of particles using A random number generailor for the source sarpling.
When 65,000 purticles were run, the mezn brgar 'c inc-cas- *o about 1777 ef
its apparantly stable value. The plot of estimatec error, Fig. 19, shows
the error sucddonly Joubling. The figure-ol=mermit plet in Fig., 0 s rver
more striking, showing a collapse in reljabtility around 70,000 particles.

Usirpg one of the quasi-r ncom sequinces, Fies, 21-0 ¢ were ob*ained. Tk col-
lapse {n the filgure-of-merit happcns about 20,000 points (Fig. 23.) It
scems trhat whatever caused the {instability of the problem was expcoeld muih
sooner by using the quasi-random points. The relative error seems better thi-
thi't using the random nurber gencrator but thr smal!l figure-of-meri{t incicat.s
that ncither result |s extremely reliable.

Anotner quasi-random sequence was tricd glving the presults srowr In Figs.
2U-26, The sequence has some wc¢ll-known structure and this is reflectea |rn
the results, Ftil)l, the collapse cf the flgure-of-merit rappers arcunc . C,000
particles rather than around 70,000 as with the random sequen.c,

On the brsis of thrse expo~iments, {t seems that using quasi-r.:ndem scgurrnces
do not {ntroduce any new prnblems intc transport computations; however, they
¢an be uscful tn gunrding agatnst "bad luck” as fn the s<cond problen.
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The first sequence usecd is defired by taking the Nth point as the fractional
part of N®SQRT(Z2) for the X coordinate and the fractional part of N*SQRT(3)
for the Y coordinate.

The second sequence |s based on the H=zlton sequence.3 Some wmodifications
based on the fdeas of." For a prime P, define S(P) to be the nearest inte-
ger to P times the fractional part of SQRT(P). The Ntr term of the sequence
is given by the prescription:

ny

)
.

1. Write N in base P.
<. BReverse the P-ary aigits.
3. Multiply each digit (modulo P) by S(P).

4, Trest the result 3s a base P fraction.
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TOP HAT: WITH RADICAL INVERSE SOURCE
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